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a b s t r a c t

The frequency of the vibration in the ambient environment varies frequently, which
imposes a great challenge for robust energy harvesting. To maintain the high performance
of harvesting the variant-frequency vibration, one efficient means is to make the energy
harvester track the excitation frequency by itself. To obtain a frequency-self-tracking
(FST) energy harvester, an interesting system, e.g., the passively self-adaptive structure,
has attracted a lot of attention recently. Though passively self-adaptive systems designed
based on symmetric structures have been considerably reported, the passive self-
adaptation of asymmetric structures is still an open question to be explored. To this end,
this paper investigates the dynamics of a cantilever beam with a sliding mass.
Experimental results indicate that the passively self-adaptive behavior occurs in the second
eigenmode rather than the fundamental eigenmode, which is essentially different from the
symmetric structures reported in the existing literature. The proposed FST system can self-
adjust its natural frequency to match the excitation frequency and achieve large response
without any external manual intervention, showing a promising potential to attain high-
efficient energy harvesting from variant-frequency vibration. Therefore, this novel passive
self-adaptation behavior is employed for piezoelectric energy harvesting. By introducing a
piezoelectric transducer, an FST vibration energy harvester (VEH) is achieved. Owing to the
passive self-adaptation capability, the proposed FST-VEH exhibits a significantly enhanced
energy harvesting performance over a wide range of frequency and an increase of the out-
put voltage amplitude for more than 800%. In general, the proposed FST-VEH demonstrates
a great potential to make a significant breakthrough in harvesting variant-frequency vibra-
tion energy.

� 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Vibration energy harvesting, which is regarded as a promising sustainable energy solution for micro-electromechanical
devices, has been extensively developed during the past few decades [1–8]. The environmental vibration often exists over
a broadband spectrum. It is featured with the time-varying characteristic, imposing a big challenge on the conventional lin-
ear vibration energy harvester (VEH): how to enlarge the operation bandwidth and maintain the high efficiency. To deal with
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these problems, nonlinearity [9–15] has been introduced into vibration energy harvesting systems, such as Duffing-type
VEHs [9–19] nonlinear 2-DOF VEH [13] internal resonance-based VEH [14] impact-based VEH [15] etc. To name a few, Stan-
ton et al. [9] developed a nonlinear monostable VEH using magnets and found that it has a wider bandwidth and larger out-
put power than its linear counterpart. Erturk et al. [10] found that the inter-well oscillation of a bistable VEH could not only
largely increase the output power but also significantly broaden the bandwidth. Zhou et al. [11] investigated a tristable VEH,
and experimentally demonstrated that it was very suitable for harvesting energy from human motion. Liu et al. [12] pro-
posed an impact engaged VEH with mechanical stoppers as another efficient means for broadband energy harvesting. Chen
et al. [13] designed an internal resonance energy harvester with a double jump phenomenon for achieving a significantly
widened bandwidth.

On the foundation of the in-depth understanding of these nonlinear VEHs, it has been unveiled that when the excitation
frequency varies or a small perturbation takes place, the aforementioned nonlinear VEHs may fall into the low-energy orbit
from the high-energy orbit, resulting in the reduction of the output power and the decrease of the bandwidth [20]. To obtain
high-energy orbit oscillations [21–29] the mechanical impact method [21] and the electrical method [25–29] have been
developed in recent few years. Though a mechanical impact can trigger the high-energy orbit oscillations, an additional
mechanical force is required in this process, which makes this method impractical for micro-scale applications [21]. From
the application perspective, the electrical method is more physically implementable. However, the electrical method [25–
29] consumes a certain amount of electric energy during operation, which could unfavorably deteriorate the energy
efficiency.

As an unique and interesting system, the passively self-adaptive oscillator can autonomously adjust its natural frequency
to match the excitation frequency without any manual intervention. It is very promising to solve the problem induced by the
change of excitation frequency. However, the experimentally validated passively self-adaptive structures are still limited in
the existing literature [30–36]. Boudaoud et al. [30] observed that a vibrating soap film could maintain a large-amplitude
vibration over a wide frequency range since it could self-arrange the liquid distribution and autonomously achieve reso-
nance according to the excitation. Brazovskaia et al. [31] experimentally studied the vibration of a smectic film carrying a
mass. They found that the whole system can achieve resonance from 370 Hz to 670 Hz owning to the sliding mass. Similar
self-adaptation phenomena in a string with sliding mass and a fixed–fixed beam with sliding mass were discovered by Bou-
daoud et al. [32] and Miller et al. [33] respectively.

Interestingly, it is noteworthy that all these self-adaptive structures reported in the existing literature [30–36] including
the soap film [30] the smectic film with movable mass [31] the fixed-fixed string/beam with sliding mass [32–36] are all
symmetric. Therefore, questions naturally arise here: does the self-adaptive phenomenon only occur in symmetric struc-
tures? If the self-adaptive phenomenon can also occur in asymmetric structures, does it have the potential to generate
new possibilities for energy harvesting? With the curiosity to these unknowns, we are motivated to explore the passive
self-adaptation in an asymmetric structure. The cantilever beam is one of the most representative asymmetric structures
that has been widely used in designing linear and nonlinear piezoelectric energy harvester. Hence, achieving the passive
self-adaptation in a cantilever beam is of great interest to deal with the variant-frequency energy harvesting problem. There-
fore, the asymmetric structure investigated in this paper is a cantilever beamwith a sliding mass. Notably, for the system of a
cantilever beam with a sliding mass, Kaplan et al. [37] used various control methods to actively adjust the movable mass
position so that the resonance frequency can be actively tuned to match the excitation frequency. In their study, active con-
trol methods are applied to realize the tuning operation. The whole system, including the auxiliary control system, is rela-
tively complicated. Moreover, the active control process consumes additional energy, resulting in a decrease of the energy
harvesting efficiency. In this paper, we focus on exploring the passive self-tuning behavior of a cantilever beamwith a sliding
mass. The whole system consists of a mass and a piezoelectric cantilever beam only. No control system is employed to tune
the mass or other components.

The rest of this paper is arranged as follows. Section 2 describes the physical prototype and working principle of the pro-
posed FST-VEH. Section 3 presents the mathematical modeling and the theoretical method to calculate the eigenfrequency
and mode shape of the beam-mass system. Section 4 studies the passively self-adaptive behavior of the proposed system.
Section 5 investigates the mode shape reconstruction characteristics of the cantilever-beam-mass system and evaluates
its energy harvesting performance as compared with the conventional VEH. Several useful conclusions are given in Section 6.

2. Physical prototype, experimental setup and working principle

2.1. Physical prototype and experimental setup of FST-VEH

The fabricated physical prototype of the passively self-adaptive VEH, depicted in Fig. 1(a), consists of a sliding mass that
can move along a cantilever beam. A piezoelectric transducer (MFC, M2814-P2) is bonded at the root of the cantilever beam
and shunted to an external load resistance (R = 100 kX). Its output voltage is measured by a data acquisition system
(DH5922D). Both the cantilever beam and the sliding mass are made of stainless steel. The width, thickness, and length
of the cantilever beam are b = 10 mm, hb = 0.5 mm, and lb = 15.7 mm, respectively. The cantilever beam threads through
the sliding mass with a rectangular opening of a height hr. The width of the rectangular opening br = 10.2 mm is intentionally
designed to be a bit wider than that of the cantilever beam to avoid getting stuck due to the width restrain. The detailed
geometric dimensions of the system are annotated in Fig. 1(b). The cantilever beam is mounted on a 3D-printed fixture.
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Fig. 1. Experimental setup: (a) self-adaptive energy harvester; (b) The dimension of the proposed FST-VEH; (c) vibration test and data acquisition
equipment; (d) high-speed camera.
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The whole system is installed to a 500 N electromagnetic shaker (E-JZK-50), which can simulate a vertical base excitation
controlled at a constant acceleration level.

Fig. 1(c) and (d) show the experimental setups, including the high-speed camera, the controller, the amplifier, and the
data acquisition system. The excitation frequency can be adjusted through interacting with the GUI interface of the software
that communicates with the controller. The vibration controller (VT-9008), together with a feedback accelerometer, forms a
closed-loop to guarantee the base excitation at the desired acceleration level. The power spectral density is kept constant in
the experiment. The signal generated by the controller is amplified by the amplifier (E5874A) and then fed to the shaker for
generating the excitation. The output voltage of the piezoelectric transducer is measured and recorded by a DATA acquisition
system (DH5922D) with the sampling frequency of 2000 Hz. A high-speed camera (AcutEye-4M-500CXP), as shown in Fig. 2
(b), is utilized to capture the trajectory of the sliding mass along the cantilever beam. Considering that the base excitation
frequency varies from 60 Hz to 85 Hz in the experiment, the high-speed camera sampling frequency is set to be 500 Hz to
guarantee its capability to identify the vibrating shape of the cantilever beam.

2.2. Working principle of FST-VEH

The working principle of the proposed frequency-self-tracking energy harvester (FST-VEH) is depicted in Fig. 2. We con-
sider a circumstance under which the frequency of the external vibration source varies. If the excitation frequency f1 is
within the self-adaptive frequency range but different from the second eigenfrequency of the system at the initial state fn
(fn – f1), the mass will self-tune its location to reconstruct the 2nd mode shape of the beam. The mass stops sliding until
arriving at a specific place, where the corresponding second eigenfrequency matches the excitation frequency, resulting
in a large amplitude response. If the excitation frequency changes to f2, the mass will self-slide to a new position, and the
system can adjust its second eigenfrequency to match the excitation frequency f2 for achieving a large amplitude response
again. Thus, the system can self-track the excitation frequency without any manual intervention to maintain the large ampli-
tude response even when the excitation frequency varies with the time. Hence, the proposed FST-VEH is designed to attain a
robust energy harvesting capability in response to the excitation frequency change.

Notably, the passive self-adaptation in a cantilever beamwith sliding mass takes place in the 2nd-order mode rather than
the fundamental mode in our experimental results. In the fundamental mode, the mass always slides to the free end and
eventually falls off.

3. Governing equations and eigenfrequency analysis of FST-VEH

3.1. Governing equations

As shown in Fig. 3, the proposed FST-VEH consists of a cantilever beamwith a sliding mass. In comparison with the fixed–
fixed beam with a sliding mass proposed by Miller et al.[33–34] the main difference between these two systems is the
3



Fig. 2. Schematic illustration of the frequency-self-tracking energy harvesting through the passively self-adaptation of a cantilever beam with sliding mass.
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boundary condition. Thus, the generic model of the beam-slider system proposed by Miller, et al.[33–34] can be employed in
modeling the cantilever-mass system proposed in this paper. The governing equation of the proposed cantilever-mass sys-
tem can be given as
qA €W0 þ €W
� �

þm €W0 þ €W þ 2 _W
0
_sþW 00 _s2

� �
d X � sð Þ þ EIW 000

� d
dX Im €W

0 þ 2W 00 _sþW 000 _s2 þW 00€s
� �

d X � sð Þ
h i

¼ 0

m€sþm €W0 þ €W þ 2 _W
0
_sþW 00 _s2 þW 0€s

� �
W 0 þ Im €W

0 þ 2W 00 _sþW 000 _s2 þW 00€s
� �

W 00 ¼ 0

ð1Þ
where q, A and Im are the density, the cross-sectional area, and the moment of inertia of the mass, respectively. m is the
weight of the sliding mass. E and I are the young’s modulus and the moment of inertia of the beam, respectively. W0 is
the base displacement. A point along the beam is denoted by the coordinate X. W(X, t) is the vertical displacement of the
beam. The horizontal position and vertical position of mass are s(t) and W(s(t), t), respectively. The overdot denotes the time
derivative. Notably, the collision-sliding behavior of the mass and the piezoelectric transducer are not considered in this
model.

3.2. Eigenfrequency analysis

To study the passive self-adaptation of the proposed FST-VEH, the eigenfrequency and mode shape of the whole system
should be obtained by assuming the mass location is fixed. For a cantilever beam with a fixed mass, the eigenfrequency and
model shape can be analytically obtained by using the method in Ref. [34] and [38].

The modal shape of this system is assumed to be
U Xð Þ ¼ acos bXð Þ þ bsin bXð Þ þ ccosh bXð Þ þ dsinh bXð Þ;X < s
ecos b X � sð Þð Þ þ f sin b X � sð Þð Þ þ gcosh b X � sð Þð Þ þ hsinh b X � sð Þð Þ;X > s

�
ð2Þ
Fig. 3. Schematic of the cantilever beam with a sliding mass.
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where
b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 qA

EI
4

r
ð3Þ
There are eight unknown coefficients in Eq. (2). Hence, we should find eight boundary conditions to solve these coeffi-
cients. The first four boundary conditions are the boundary conditions of the cantilever beam, which are given by
U 0ð Þ ¼ 0;
dU 0ð Þ
dX

¼ 0;
d2U Lð Þ
dX2 ¼ 0;

d3U Lð Þ
dX3 ¼ 0 ð4Þ
The last four boundary conditions are the continuity conditions at the mass position, which are
U� sð Þ ¼ Uþ sð Þ
dU� sð Þ
dX ¼ dUþ sð Þ

dX

d2U� sð Þ
dX2 ¼ d2Uþ sð Þ

dX2

EI d
3U� sð Þ
dX3 � EI d

3Uþ sð Þ
dX3 ¼ �mx2U sð Þ

8>>>>><
>>>>>:

ð5Þ
Substituting the assumed mode shape Eq. (2) into the boundary conditions Eq. (4) and continuity conditions Eq. (5) yields
aþ c ¼ 0
bþ d ¼ 0

�eb2cos b L� sð Þð Þ � fb2sin b L� sð Þð Þ þ gb2cosh b L� sð Þð Þ þ hb2sinh b L� sð Þð Þ ¼ 0
eb3sin b L� sð Þð Þ � fb3cos b L� sð Þð Þ þ gb3sinh b L� sð Þð Þ þ hb3cosh b L� sð Þð Þ ¼ 0

acos bsð Þ þ bsin bsð Þ � acosh bsð Þ � bsinh bsð Þ ¼ eþ g

�asin bsð Þ þ bcos bsð Þ � asinh bsð Þ � bcosh bsð Þ ¼ f þ h

�acos bsð Þ � bsin bsð Þ � acosh bsð Þ � bsinh bsð Þ ¼ � eþ g

ab3sin bsð Þ � bb3cos bsð Þ � ab3sinh bsð Þ � bb3cosh bsð Þ þ fb3 � hb3 þ mx2

EI eþ mx2

EI g ¼ 0

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð6Þ
Based on the first two expressions in Eq. (6), the above equations can be simplified as
�b2cos b L� sð Þð Þe� b2sin b L� sð Þð Þf þ b2cosh b L� sð Þð Þg þ b2sinh b L� sð Þð Þh ¼ 0
b3sin b L� sð Þð Þe� b3cos b L� sð Þð Þf þ b3sinh b L� sð Þð Þg þ b3cosh b L� sð Þð Þh ¼ 0

cos bsð Þ � cosh bsð Þ½ �aþ sin bsð Þ � sinh bsð Þ½ �b� e� g ¼ 0
� sin bsð Þ þ sinh bsð Þ½ �aþ cos bsð Þ � cosh bsð Þ½ �b� f � h ¼ 0
� cos bsð Þ þ cosh bsð Þ½ �a� sin bsð Þ þ sinh bsð Þ½ �bþ e� g ¼ 0

b3 sin bsð Þ � sinh bsð Þ½ �a� b3 cos bsð Þ þ cosh bsð Þ½ �bþ mx2

EI eþ b3f þ mx2

EI g � b3h ¼ 0

8>>>>>>>>><
>>>>>>>>>:

ð7Þ
Eq. (7) can be rewritten in the matrix form as
Aq ¼ 0 ð8Þ

where
A ¼

0 0 �b2cos b L� sð Þð Þ �b2sin b L� sð Þð Þ b2cosh b L� sð Þð Þ b2sinh b L� sð Þð Þ
0 0 b3sin b L� sð Þð Þ �b3cos b L� sð Þð Þ b3sinh b L� sð Þð Þ b3cosh b L� sð Þð Þ

cos bsð Þ � cosh bsð Þ sin bsð Þ � sinh bsð Þ �1 0 �1 0
�sin bsð Þ � sinh bsð Þ cos bsð Þ � cosh bsð Þ 0 �1 0 �1
�cos bsð Þ � cosh bsð Þ �sin bsð Þ � sinh bsð Þ 1 0 �1 0

b3 sin bsð Þ � sinh bsð Þ½ � �b3 cos bsð Þ þ cosh bsð Þ½ � mx2

EI b3 mx2

EI �b3

2
6666666664

3
7777777775

q ¼ a b e f g h½ �T
By letting det(A) = 0, we can obtain the eigenfrequency and the mode shape of this cantilever beam with a mass.

4. Dynamics and capabilities

4.1. Frequency self-tracking range determination

To determine the excitation frequency range of our potential interest, i.e., the frequency range within which the reso-
nance frequency changes due to the relocation of the sliding mass, the second eigenfrequency of this system is analytically
derived before launching the experiment. The relationship between the second eigenfrequency of the cantilever beam and
5
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the location of the sliding mass is revealed in Fig. 4. It is noted that the second eigenfrequency can change from 52.03 Hz to
106.55 Hz, provided that the sliding mass can stop at any arbitrary location of the cantilever beam. Meanwhile, the exper-
imental results of the mass stop position versus the excitation frequency are given in Fig. 4 to help us ascertain whether the
system achieves resonance or not. In general, both results match well with each other, except that the analytical result is a
bit lower than the experimental result. The potential reason for this small discrepancy is that the piezoelectric transducer is
not included in the analytical modeling for simplicity, which implies that the structural stiffness is underestimated by the
analytical model. Nonetheless, apart from a small discrepancy, it is experimentally proved that the excitation frequency
can be tracked by the system itself, resulting in a large amplitude response over a wide frequency range.

4.2. Frequency-self-tracking energy harvesting under an invariant-frequency excitation

To illustrate the passive self-adaptation in a cantilever beam and the outstanding performance of frequency-self-tracking
energy harvesting, experimental tests are conducted. Fig. 5 shows the time-history response of the voltage output and the
location of the sliding mass on the cantilever beam versus the time, setting the excitation frequency to be f = 60 Hz, 65 Hz
and 75 Hz respectively and the acceleration level constantly at A = 1.5 g (g is the acceleration due to gravity, i.e., 9.81 m/s2).
For the case of f = 60 Hz (as shown in Fig. 5(a)), the initial location of the sliding mass is at s = 45.5 mm and the corresponding
output voltage amplitude is about 10 V. As time goes on, we observe that the sliding mass begins to move to the free end and
the output voltage amplitude starts to increase in the meantime. When the sliding mass arrives at s = 64.65 mm, it stops
there, like being fixed at that location of the cantilever beam. At the same moment, the output voltage attains a steady
response with a constant amplitude of 29.0 V, which indicates a 290% increase as compared to the output voltage amplitude
produced at the initial stage. For the case of f = 65 Hz (as shown in Fig. 5(b)), the initial location of the sliding mass is at
s = 54.4 mm and the corresponding output voltage amplitude is about 2.3 V, which indicates that the vibration of the beam
is very small. As time goes on, we observe that the sliding mass begins to move to the free end and stop at s = 79.65 mm,
entering resonance finally. Thus, the output voltage attains a steady response with a constant amplitude of 19.0 V, which
indicates an 826% increase as compared to the output voltage amplitude produced at the initial stage. For the case of
f = 70 Hz (as shown in Fig. 5(c)), a similar behavior is found. The mass slides from 57.85 mm to 87 mm to match the exci-
tation frequency, and the system finally reaches resonance. The output voltage at the large amplitude stage is 15.0 V, which
is 5.818 times higher than that at the initial stage (2.2 V). Moreover, the output powers in these three cases (f = 60 Hz, 65 Hz
and 75 Hz) are 7.6523 mW, 3.2848 mW, and 2.0473 mW, respectively, which are large enough to provide sustainable powers
for most of the low-consumption micro-electronic devices.

Such a significant improvement of the output voltage can be explained based on the theory of resonance and off-
resonance. At the initial stage, the low-level response is mainly caused by the off-resonance due to the frequency mismatch
between the system’s second eigenfrequency and the excitation frequency. After that, the sliding mass starts to self-tune its
position, thus the eigenfrequency of the beam. As the eigenfrequency and excitation frequency approximately match, a large
output voltage is achieved. This is also the reason why the mass stop positions are different under different excitation
frequencies.

4.3. Frequency-self-tracking energy harvesting under a variant-frequency excitation

In practical application, the frequency of the vibration source could be variant, which requires the proposed FST-VEH to
have the passively self-tuning capability to deal with the fluctuation of the excitation frequency. Thus, we would like to test
Fig. 4. Second eigenfrequency of a cantilever beam versus the mass location (line-star) and the excitation frequency versus the mass stop position (square
scatters).
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Fig. 5. Experimental results of mass trajectory and output voltage (R = 100 kX) when A = 1.5 g: (a) f = 60 Hz (b) f = 65 Hz (c) f = 70 Hz.
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the adaptive performance of the proposed VEH when the excitation frequency suddenly changes. To this end, the accelera-
tion of the shaker is set to be a piecewise function as:
A tð Þ ¼

1:5gsin 2p� 60tð Þ t 2 2:7;25:2½ �
0 t 2 25:2;32ð Þ
1:5gsin 2p� 65tð Þ t 2 32;54:6ð Þ
0 t 2 54:6;61:5ð Þ
1:5gsin 2p� 70tð Þ t 2 61:5;80½ �

8>>>>>><
>>>>>>:

ð9Þ
The frequency of the base excitation is set to be 60 Hz at the first stage, then tuned to 65 Hz and 70 Hz at the third and
fifth stages, respectively. The second stage (t2(25.2 s,32 s)) and the fourth stage (t2(54.6 s,61.5 s)) when A(t) = 0 correspond
to the transition periods awaiting the change of the excitation frequency. It is worth mentioning that during the intermediate
period, no additional external control is applied onto the proposed FST-VEH manually.

Fig. 6 shows the output voltage response of the proposed VEH and the trajectory of the sliding mass along the cantilever
beam during the experiment. The initial position of sliding mass is at 49.15 mm. In the first stage, the mass slides to the free
end and arrives at s = 64.65 mm at the end of the first stage. The output voltage increases from 14 V to 29 V, and the proposed
VEH achieves a large amplitude response. During the transition stage, the voltage decreases to 0 V, and the position of the
sliding mass is unchanged. At the time of 32 s, which corresponds to the beginning of the third stage, the shaker starts to
generate the base excitation again with the frequency changed to f = 65 Hz. The mass gradually slides towards the free
end and finally stops at s = 79.65 mm, where the whole system achieves resonance again. During this period, the voltage
increases from 2.5 V to 19 V. After the second intermediate period, the shaker starts working again with the frequency chan-
ged to f = 70 Hz. At this time, the mass starts sliding and stops at s = 87 mm, where resonance is maintained again, and the
voltage increases from 2.4 V to 15 V. From this experiment, it is clearly observed that even if the excitation frequency sud-
denly changes, the proposed VEH can autonomously calibrate the natural frequency through relocating the sliding mass to
match the excitation frequency for maintaining resonance by itself.

In summary, it is a remarkable fact that in the whole process of the experiments, the proposed system exhibits a self-
adaptive behavior by autonomously calibrating its natural frequency to track the excitation frequency of the vibration source
without any manual intervention. As a result, even when the excitation frequency changes a lot, the system can achieve res-
onance and maintain a large output voltage, which is very promising to efficiently harvest variant-frequency vibration
energy. All these results can be found in the experimental videos recorded by the high-speed camera (Supplementary
materials).

5. Mode shape reconstruction and energy harvesting performance

5.1. Mode shape reconstruction

To ascertain the underlying mechanism behind the passively self-adaptive behavior, the vibrating shape of the system is
captured experimentally using the high-speed camera. The analytical mode shape of a cantilever beam with a position-fixed
mass is calculated to assist the identification of the characteristics of the experimentally obtained vibrating shape. It is worth
7



Fig. 6. Experimental results of the time histories of mass location and output voltage when excitation frequency f shifts from 60 Hz to 65 Hz and finally
reaches 70 Hz (A = 1.5 g, R = 100 kX).
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mentioning that for the cases under high-frequency excitations, the vibrating shape cannot be clearly recognized based on
just a single frame of motion captured by the high-speed camera. To overcome this problem, we select two very close frames
of motion and put them together in a single plot to help recognize the nodes and antinodes of the vibrating shapes.

Fig. 7 shows the vibrating shapes of the system under different excitation frequencies and the analytical second-order
mode shapes of a cantilever beam with the same mass being fixed at the corresponding stop positions measured from
the experiment. It is noted that experimentally captured vibrating shapes and the analytical mode shapes agree very well.
A minor difference is that the experimentally captured vibrating shapes are slightly tilted due to gravity, which is not con-
sidered in the analytical model. Notably, it is clearly shown in the images captured by the high-speed camera that the mass
(b) f = 65 Hz 

(d) f = 85 Hz 

(a) f = 60 Hz 

(c) f = 70 Hz  

Fig. 7. Experimental vibrating shape (left) and analytical mode shape (right) for various excitations: (a) f = 60 Hz; (b) f = 65 Hz; (c) f = 70 Hz;(d) f = 85 Hz.
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stop positions are not at the node nor antinode of the second mode shape. Meanwhile, it is clearly shown in Fig. 7 that the
mass stop position varies with the change of the excitation frequency, and the mode shape of the proposed FST-VEH is cor-
respondingly reconstructed. For the excitation frequencies f = 60 Hz, f = 65 Hz, f = 70 Hz, and f = 85 Hz, the mass stop posi-
tions are s = 64.65 mm, s = 79.65 mm, s = 87 mm, and s = 148.4 mm, respectively. When the stop positions of the sliding mass
are different, the corresponding mode shapes and vibrating shapes are also different. Though it might be difficult to affirm by
directly comparing the mode shape curves, we can compare their mode shape nodes. Under the excitation frequencies of
f = 60 Hz, f = 65 Hz, and f = 70 Hz, the mode shape nodes are at 94.25 mm, 96.26 mm, and 99.1 mm, respectively. To give
a high-contrast comparison, one can refer to the result of f = 85 Hz (i.e., Fig. 7(d)). As compared to other cases (i.e., Fig. 7(a)-
(c)), it is obvious that the mode shape and vibrating shape for the case of f = 85 Hz are quite different based on even a naked-
eye comparison. Hence, it can be concluded that the change of the excitation frequency will lead to the mode shape recon-
struction, which enables the proposed FST-VEH to autonomously track the excitation frequency of the vibration source and
maintain resonance to improve the energy harvesting efficiency.

As the mode shape reconstruction is confirmed to be induced by the mass sliding behavior, the underlying physics behind
the whole frequency-self tracking process (i.e., the mass sliding process) can be explained as follow. In the beginning, when
the beam-slider system starts to vibrate under the external excitation, the mass will start to slide along the cantilever beam
if the friction force is lower than the tractive force. Notably, if the beam’s vibration response is very weak, the friction force
could be larger than the tractive force. In this case, the mass acts as a fixed mass. Hence, the vibration response of the beam
and mass should exceed a certain level to ensure that the mass can slide along the beam. However, if the beam’s vibration
response is very large, the initial force of the mass could be very large, result in a large friction force. In this case, the friction
force is possible to balance the tractive force along the beam and stop the sliding mass at a certain position. Hence, the fric-
tion force plays a significant role in affecting the passively self-adaptive behavior. Since the weight ratio of the mass to the
cantilever beam is quite large, the change of the mass location can profoundly affect the mode shape of the entire system
(e.g., mode shape reconstruction). As a result, the eigenfrequencies of the entire system are closely dependent on the location
of the sliding mass. In the process of sliding, the force component endured by the sliding mass in parallel with the beam
length direction drives it to slide, while the friction force between the mass and beam plays the role of a resistive force
to stop it. This friction force is directly proportional to the force component endured by the sliding mass normal to the beam
surface, which is dependent on the inertial force of the sliding mass. Hence, the friction force is closely relevant to the vibra-
tion intensity of the sliding mass. Suppose that the eigenfrequency of the beam-slider system is far away from the excitation
frequency at the initial stage, the entire beam-slider system is at off-resonance with a relatively low vibration intensity. As a
result, the friction force is small, and the mass starts to slide on the beam. The mass thus continuously changes its location,
and the eigenfrequency of the beam-slider system approaches the excitation frequency. In this process, the entire system
gradually becomes near/on-resonance from off-resonance. In the meantime, the inertia of the sliding mass largely increases,
and thus the friction force. When the friction force becomes sufficiently large to balance the force component endured by the
sliding mass in parallel with the beam length direction, the mass will eventually stop. This is the most likely reason to
explain why the mass starts to slide along the beam when the eigenfrequency and excitation frequency differ a lot from each
other, and why the mass stops at a certain place with a large amplitude response when the eigenfrequency and excitation
frequency are very close. Since it cannot be guaranteed that the force balance will take place when the mass just slides to a
place where the eigenfrequency of the beam-slider completely matches the excitation frequency, the entire system may
finally falls into only near-resonance.

5.2. Energy harvesting performance

To further illustrate the advantages of the proposed FST-VEH, its power performance is compared to that of a conven-
tional VEH having the mass fixed at certain places (s = 71 mm, s = 83.6 mm, and s = 85 mm). The mass in the FST-VEH con-
figuration is allowed to move freely along the beam. In the experiment, the load resistance is kept 100 kX for both the
proposed FST-VEH and the conventional VEH configurations for a fair comparison. A frequency sweep experiment was first
conducted to obtain the power-frequency response of the conventional VEH. A frequency dwelling experiment was then per-
formed at a series of discrete frequencies to obtain the power-frequency relation of the proposed FST-VEH. It is learned from
Fig. 8 that when the mass is fixed at a certain place, the mass-beam system acts as a conventional VEH with a relatively nar-
row working frequency band. For example, we compare the power outputs of the proposed FST-VEH and the conventional
VEHwith the mass fixed at s = 83.6 mm. Assuming the threshold power (i.e., the minimum power demand for practical appli-
cation) is 1 mW, the operational bandwidth of the conventional VEH (s = 83.6 mm) is only about 2.08 Hz. It is noteworthy
that the frequency response curve of the conventional VEH exhibits a jumping phenomenon near the resonance. The main
reason is that the geometric nonlinearity is induced due to the large deformation of the slender beam near the resonance.
Regarding the proposed FST-VEH, it can produce a power output larger than 1 mW over the frequency range from 63 Hz
to 74 Hz. Thus, the bandwidth of the proposed FST-VEH is at least more than 11 Hz, which indicates an improvement of
428.8% as compared to the conventional VEH (s = 83.6 mm).

In terms of the maximum power output, it is found that the conventional VEH produces a larger output power than the
proposed FST-VEH only when the resonance takes place. There are mainly two potential reasons that can be used to explain
the decrease in the power of the proposed FST-VEH. The first one is that the collision-sliding behavior between the sliding
mass and cantilever beam possibly consumes additional kinetic energy, leading to the reduction of the dynamic response
9



Fig. 8. Experimental comparison of the generated power of the FST-VEH and the conventional VEH (A = 1.5 g).

C. Lan, Z. Chen, G. Hu et al. Mechanical Systems and Signal Processing 156 (2021) 107672
and the power output. The second one is that the second eigenfrequency of the proposed FST-VEH might have not been per-
fectly self-adjusted to the excitation frequency. For a linear VEH, a minor derivation from the resonance frequency can sig-
nificantly reduce the output power. Fortunately, from the experimental results, the generated power of the proposed FST-
VEH is kept at a relatively high level over a wide frequency range.

Generally speaking, the most attractive feature of the proposed FST-VEH is not the ability to significantly increase the
energy harvesting efficiency near one particular frequency, but the capability of improving the power level over a wide fre-
quency range, within which the conventional VEH is at off-resonance and out of service. For example, at f = 70 Hz, the gen-
erated power of the conventional VEH (s = 83.6 mm) is only 0.086 mW, while that of the proposed FST-VEH is 2.1 mW.
Moreover, at f = 64 Hz, the power outputs of the proposed FST-VEH and the conventional VEH (s = 83.6 mm) are 2.8 mW
and 0.115 mW, respectively. Similar performance enhancements are also observed at other frequencies, indicating an extre-
mely broadband capability of the proposed FST-VEH. Therefore, it is convinced that, owing to its exceptional frequency-self-
tracking feature, the proposed FST-VEH can adapt to excitation frequency changes and significantly improve vibration
energy harvesting efficiency over a broad frequency range. Therefore, it is a viable and promising solution to overcome
the challenge of variant-frequency vibration energy harvesting in practical scenarios.

6. Conclusions

This paper has reported the discovery of a passively self-adaptive cantilever beam with a sliding mass. It represents a first
observation of the passive self-adaptative phenomenon in the asymmetric structure. The passive self-adaptative phe-
nomenon has been found to take place at the second eigenmode rather than the fundamental eigenmode. The mode shape
reconstruction is clearly observed to help ascertain the mechanism of frequency-self-tracking. Since the cantilever beam is
widely used in designing both linear and nonlinear VEHs, this passively self-adaptative structure is promising to overcome
some of the most severe limitations of conventional VEHs, such as efficiently and robustly harvesting energy from the broad-
band and variant-frequency vibration environments. The unique behavior of the proposed energy harvesting system has
been experimentally proved to help self-track the frequencies of vibration sources and significantly improve the output
power over a wide range of frequencies. For the prototyped system tested in the experiment, the working bandwidth has
been increased at least by 428.8%, and the power output has been increased at most by 24.4 times.
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